In this paper, finite element contact analysis of a functionally graded (FG) brake disk in contact with a pad, subjected to rotation, contact pressure, and frictional heat, is presented. The material properties vary through the thickness according to a power-law characterized by a grading index, n. The contact surfaces are fullceramic with full-metal free surface. The effects of n on the displacement, contact status, strain and stress are investigated. From the analysis, thermo-elastic and contact results are extremely dependent on n. Hence, n is an important criteria for the design of FG brake disks for automotive and aircraft applications.
INTRODUCTION
Functionally graded materials (FGMs) are materials in which the volume fraction of two or more constituents is varied smoothly and continuously as a function of position along certain dimension(s) [1] [2] . FGMs are mainly constructed to operate in high-temperature environments such as ultra-light, temperature-resistant materials for space vehicles [3] . Figure 1 shows a comparison of thermal stress distribution between a conventional thermal barrier and a thermal barrier made of FGM. FGM offers an advantage since the thermal stress distribution is smooth. The gradual change of material properties can be tailored to different applications and working environments. An ex-ample is in high-temperature aerospace applications where light weight and durability become crucial. As a result, FGMs find application in engineering devices such as steam and gas turbine rotors, turbo generator gears, clutch plates, and brake disks.
In this paper, the brake disk considered to be a metal-ceramic FGM. This is to take advantage of the strength of metal and heat resistance of ceramics. In this particular work, friction coefficient is assumed to be constant along the contact surfaces of the brake and pad disks based on the constant value of the dynamic friction coefficient. Thus, the objective of this present study is to determine the displacement, stress fields, and contact status of the rotating brake disk when it is in contact with the pad during braking. By knowing these quantities, brake failure can be predicted and avoided. Designing the brake disk by using FGMs is a way to reduce the weight, maximum stress, and displacement. The disk has a uniform thickness. In these types of applications, the material, speed of rotation, and operating conditions are the main factors that affect the performance of brakes in terms of efficiency, service life, and power-dissipation capacity. In a normal design, the brake can be made of any metal or fiber-reinforced composite with two sliding surfaces. One is the rotating disk and the other is a stationary pad. Braking force is applied to the pad. Deflection in the brake disk occurs when there is a pressure difference between the two sides of the disk. Under these circumstances, the disk may become misaligned and cause failure. A brake disk is an example of a solid and hollow rotating disk subjected to body force, thermal, friction, and bending loads with clamped-free conditions.
Few articles on contact friction and frictional heating in FGMs have been published. Guler and Erdogan [5] [6] studied the contact mechanics of deformable elastic solids with graded coatings, whereas Choi and Paulino [7] investigated the thermo-elastic contact problems for the coating/substrate system with FG properties where a rigid flat punch slides over the surface of the coating involving frictional heat generation. Mechanical and thermal responses are significant parameters in the analysis of contact condition. Reddy and Cheng [8] used an asymptotic method for three-dimensional, thermo-mechanical deformations of a simply supported FG rectangular plate. They computed the temperature, displacements, and stresses of the plate for different volume fractions of the ceramic and metallic constituents. In all cases, the gradation index, n, has a significant effect on the results.
In brake disk design, accurate prediction of deflection and stress is required. For long life, their values need to be limited. Shear deformation theory can be applied to obtain the deflection. Reddy and Huang [9] studied the large bending deflection of annular plates with variable thickness using the finite element method (FEM). They solved the general Reisner and von Karman plate equations. The effects of radius-to-thickness ratio (i.e., shear deformation) and nonlinearity in material properties on stresses and deformations were investigated. Reddy et al. [10] presented bending and stretching of FG complete and hollow circular plates using the first-order shear deformation theory (FSDT). The results of the FSDT were presented based on the classical Kirchhoff plate theory in terms of the corresponding quantities of isotropic plates. Bayat et al. [11] studied bending of a constant thickness FG rotating disk with the material properties change in radial direction. Bayat et al. [12] analyzed exact and semi-analytical solution for small and large deflections in FG rotating disks when the material properties change in thickness direction. In addition, Bayat et al. [13] published thermo-elastic analysis for variable thickness FG rotating disks. The bending results compared very well with the results of Reddy et al. [10] .
Many researchers used commercial finite element (FE) software, analytical and numerical methods to solve the thermomechanical problems of components. Moncef Aouadi [14] employed FEM to investigate the thermoelastic-piezoelectric problem. Ekrem [15] used ANSYS software to analyze the FG transducer and piston. Durodola and Attia [16] [17] utilized ABAQUS software to analyze FG rotating disks. They modeled the FGM as a non-homogeneous orthotropic material. Hosseini Kordkheili and Naghdabadi [18] employed Navier elastic solution to obtain thermo-elastic stress in FG rotating disks. They compared the non-dimensional radial stress of FG rotating disks with that presented by Durodola and Attia [16] . Bayat et al. [19] [20] presented the elastic solution of FG rotating disks with variable thickness by considering a mechanical load employing the exact solution and semi-analytical method. Hojjati and Jafari [21] [22] [23] applied some mathematical and numerical methods such as perturbation and Runge-Kutta's methods to determine the stresses of FG rotating disks in elastic and inelastic regions.
Thermal analyses on circular structures have also been carried out by many researchers, such as Shahzamanian et al. [24] [25] and Shao and Ma [26] . In particular, Shao and Ma [26] studied the thermo-mechanical stresses in a FG hollow cylinder with linearly increasing boundary temperature. They assumed thermo-mechanical properties of FGM to be temperature-independent. The properties vary continuously in the radial direction of the cylinder. Bayat et al. [27] presented the results for FG rotating disks with axi-symmetric bending load by applying FSDT. In another paper, Bayat et al. [28] investigated the thermo-elastic analysis of FG rotating disks with variable thickness.
In the present study, a FG brake disk subjected to centrifugal body force, bending loads, thermal loads, and friction due to contact condition is considered. The material properties of the brake disk are assumed to be represented by a power law distribution along the thickness where the free surface is full-metal and contact surface is full-ceramic. The objective of this investigation is to enhance the understanding of the elastic behavior of hollow FG brake disks under fixed-free boundary conditions. Pure material is considered for the brake pad disk, which is in contact with the upper surface of the FG brake disk. Coulomb friction between the contact surfaces generates heat and causes temperature distribution that leads to thermal stresses. It is assumed that the generated heat in each pad and brake disk has the same value and is half of the total heat generated at contact surfaces. The effects of material property gradation, n, body force, and friction coefficient, thermal and bending loads on stress and displacement fields are investigated. However, the determination of brake capacity will be the subject of a future paper.
GRADATION RELATION
In the present study, the general material property, P, of a FG brake disk is assumed to vary along the thickness direction, z, according to the following relationship [12] :
Here P m denotes the material property of the lower (metal) surface and P c denotes the material property of the upper (ceramic) surface of the disk. The grading index, n, indicates that the material property variation is through the thickness direction, z. h brake is the total thickness of the hollow brake disk. A lot of research articles on the thermo-mechanical analysis in FGMs are available in which the mechanical properties, thermal expansion coefficient, and thermal conductivity are determined based on the power law distributions, as in Eq. (1a) [18, 29] . Therefore, modulus of elasticity, E, mass density, ρ, thermal conductivity, k, specific heat capacity, c, and thermal expansion coefficient, α, are each assumed to vary according to power law distribution in thickness direction (Eq. (1a)). In this paper, only the Poisson's ratio, v, and friction coefficient, μ, are assumed to be constant. As an example, the assumed form for the modulus of elasticity, E, is [12] :
where E m is elastic modulus of the lower (metal) surface and E c is elastic modulus of the upper (ceramic) surface of the disk. In the present paper, a FG hollow rotating brake disk is as shown in Figure 2 . The disk has an inner radius, r i , outer radius, r o , thickness, h brake , is axi-symmetric with respect to the z-axis and subjected to contact with one homogenous material static hollow pad as well as body force, thermal and bending loads, and friction. The pad disk has an inner radius, r i,pad , and outer 
where E c is modulus of elasticity at the upper (ceramic) surface. The variation of E nd versus Z is shown in Figure 3 . As expected, the variation of modulus of elasticity with respect to thickness is linear when n = 1.0. In this paper the modulus of elasticity of the ceramic is greater than that for the metal. By considering Eq. (1b), n = 0 denotes full-ceramic disk and n → ∞ denotes full-metal disk. Therefore, when n ≤ 1.0 the modulus of elasticity in FG disk is greater than its value when n > 1.0. It should be noted that, although in the present case the material property gradation used is that of full-metal at lower surface and full-ceramic at upper surface, the method of solution presented is independent of such an order of gradation, and may be applied for other orders as well. However, the suitable friction coefficient at contact surfaces for the ceramic and pad justifies consideration of the full-ceramic as the upper surface of a brake disk.
FINITE ELEMENT ANALYSIS (FEA)
In the present work, the friction energy due to contact between the pad and disk is assumed to be totally converted into heat. In the coupled thermal-structural contact modeling, the rate of frictional dissipation, Q T , is given by [30] :
where H f is the frictional dissipated energy converted into heat and is dependent on surface condition, lubricant, and so on.
μ is the friction coefficient, q is the contact pressure, and V is the relative sliding velocity. In the present case H f = 1. It is also assumed that the heat conductivity is uniform. The transient temperature distribution of axi-symmetric FG brake disks is governed by the following equation [31] :
where k, ρ, and c are coefficient of thermal conductivity, mass density, and specific heat capacity of the brake disk in terms of thickness (z), respectively. r, t, and T are radius, time, and temperature. By using Galerkin's method, the transient temperature distribution of Eq. (4) becomes [31] :
where C T is thermal capacity matrix, KH T is thermal conductivity matrix, T is nodal temperature, and R is heat source vector.
The temperature values at the brake disk nodes can be obtained by solving Eq. (5).
In order to obtain the coupled structural-thermal solution, the following thermo-elastic finite element equation was applied [31] :
where K, U, P f , P τ , and P T are stiffness matrix, nodal displacement, body force, surface traction, and thermal load, respectively.
In the present work, a commercial finite element package, ANSYS 10, is used by considering axi-symmetric conditions. The FG brake disk is divided into 200 divisions in thickness direction. The material properties are evaluated at the mean thickness of each division using Eq. (1a). The material properties are constant for the division. Each division has different material property values. Figure 2 shows the mesh division of FG brake disk used in this study.
In ANSYS 10, "Plane13" element is used for brake disk and pad disk, whereas for contact conditions "Conta171" and "Targe169" elements are used for pad and brake disks, respectively. The element types used are the same as those of Shahzamanian et al. [24] . The detailed description of the model is also given in reference [24] .
BOUNDARY CONDITIONS
The inner and outer surfaces of the rotating hollow brake disk must satisfy the following traction conditions:
where r i and r o are inner radius and outer radius of brake disk. Also, u r is radial displacement and σ r is radial stress. For the brake and pad disks, the thermal boundary conditions are: 
Here h brake is the brake disk thickness and h pad is the pad disk thickness. The temperature distribution in the brake disk is due to the heat generated by contact friction. Its value at the free surfaces would also increase through conduction.
VALIDATION
For the purpose of FEA validation, the present study result is compared with that of: (a) solid FG roller-supported rotating disks; (b) full-ceramic disks; and (c) full-metal disks. The results of a FG rotating solid disk in (a) used are those reported by Bayat et al. [12] with ω = 1000.0 rad/s, E m /E c = 211.0/68.9, and ν = 0.33, and the exact results for pure material solid disk in (b) and (c) are those presented by Reddy et al. [10] , with ω = 0 rad/s, E m /E c = 0.396, and ν = 0.288.
The variations of dimensionless transverse displacement against dimensionless radius are given in Figure 4 . As can be seen, the results compared very well with those obtained by Bayat et al. [12] for the FG rotating disk and also with those obtained by Reddy et al. [10] for the pure material solid disk in Table 1 when D c = E c h 3 /(12(1 − ν 2 )) with q = 0.14 GPa. The comparisons for the maximum values are given in Table 1. As shown in Table 1 , the maximum difference obtained is ((4.285 − 4.157)/4.285) × 100 = 2.98% for full-ceramic at (h/a) = 0.2. Hence, it can be concluded that the FEM results are acceptable.
NUMERICAL RESULTS
The thermo-elastic analysis is presented for a fixed-free FG brake disk. The disk is made of aluminum as the lower surface metal and zirconia as the upper surface ceramic. The material properties are given in Table 2 [24] .
As shown in Table 2 , the physical properties of zirconia and aluminum are different. Therefore, thermal residual stress is generated during the manufacturing process. However, in the present paper the thermal residual stress is assumed to be negligible. A FG brake disk with r o = 5r i and h brake = 10 mm is subjected to body force due to rotation, and external bending load due to the brake pad. For this case, the results are obtained for the angular velocity of ω = 1000.0 rad/s and vertical pressure of q = 1 MPa. The friction coefficient between the pure pad disk and upper surface of the FG brake disk is μ = 0.75. A pad disk with r o,pad = 1.25 r i,pad is considered when r o,pad = r o . The appropriate pad thickness is determined for proper braking operation in the following section.
FIG. 4. Non-dimensional displacements in vertical direction. (Color figure available online)

Contact Status for Different Values of Pad Thickness
and Grading Index In this section, the appropriate pad thickness for a proper contact status is selected. Different pad thicknesses and grading indices are considered to investigate the types of contact. There are three types of contact status, namely: sticking (denoted as S), near contact (N), and contact (C). "Sticking" means that some points of the disk and pad stick together, even if only at one point. "Near contact" means some points are not in contact and they are in near contact, and "contact" means that all points of the disk and pad are in contact. The more concise description of contact status is given by Shahzamanian et al. [24] .
The coefficient of friction value between the pure pad and upper surface of the FG brake disk is 0.75. It can be noted that in an industrial environment some factors such as temperature, moisture, and lubricants can cause the friction coefficient to decrease. Because of this, different values of friction coefficient, by defining a parameter λ, are investigated. Tables 3 to 8 show the contact status between pad and brake disks for different values of pad thickness, h pad , grading index, n, and percentage of friction coefficient, λ. The percentage of friction coefficient (λ) means μ effect = λμ and in all discussions in this paper μ effect is considered.
It can be seen that for all percentage values of friction coefficient, λ, and grading index, n, contact status changes from sticking to contact and then to near contact by increasing the pad thickness. This is because there is the interaction effect between energy dissipation, material properties, and geometry of pad and brake disks. It is seen that the shape of the full-contact area (C) is like a cone in each table, which means that the contact between pad and disk increases by decreasing the values of λ. As expected, the contact between full-ceramic disk and pad (Table 3 ; n = 0) is better than in other disks such as FG or full-metal disks (Table 8 ; n = ∞).
Results and Discussion
In the following sections, the results in non-dimensional forms are presented by normalizing the temperature, displacement, stress and strain by factors (T max − T min ), h brake ρ c ω 2 r 2 o , and ρ c (ω 2 r 2 o /E c ), respectively. The results presented in Section 6.1 showed that the status of contact is C for all cases when h pad = 7 mm except in the full-metal disk. The C contact status in the full-metal disk occurs when h pad = 6.6 mm. For other values of h pad the status of contact was either S or N. For proper braking conditions, a C status is needed.
Temperature Variation
The temperature distribution in FG brake disk is due to heat generated by friction between the pad and disk. The variation of dimensionless temperature, T /(T max − T min ), along the radial direction with dimensionless radius (R nd ) for different values of grading index, n is presented in Figure 5 . The effect of changing
TABLE 3
Contact status of full-ceramic (n = 0); S-Sticking, N-Near-contact and C-Full-contact
Values of Pad Thickness (mm) 1 1.5 2 2.5 4 4.5 5 5.5 6 6.5 6.6 7 7.5 8 10 10.5 11 material properties in the FG brake disks can be clearly seen from Figure 5 , where the maximum temperature decreases with a decrease in n, and the maximum values of temperature occur exactly at the first contact point, R nd = 0.8. As shown in Eq.
(1), when n = 0, the disk is a full-ceramic disk and when n → ∞, it is full-metal. In full-metal disk, heat conductivity and thermal expansion are greater than those in the full-ceramic disk. Therefore, the maximum temperature values increase with an increase in n. It is observed that there are two intersection points, namely at R nd = 0.8605 and at R nd = 1.0, where the value of temperature is close to zero, and also the temperature value is zero when R nd ≤ 0.79. Taking into account the boundary condition, this phenomenon can be explained by the presence of interactive effects between heat generated at a certain contact area, vertical pressure, and body force. It can be mentioned that the temperature before the first contact point (0.79 ≤ R nd ≤ 0.8) is not zero because of the heat conduction. Figure 6 shows the variation of dimensionless vertical displacement due to pad pressure with a non-dimensional radius for different values of grading index, n, in FG brake disks. As expected, the absolute vertical displacement values for the fullmetal disk are greater than for the full-ceramic disk due to the higher modulus of elasticity of the latter. From the variation of dimensionless modulus of elasticity with thickness, as presented in Eq. (1b), it can be observed that absolute vertical displacement increases with the increase of n, and n increases from zero (homogenous ceramic disk) to infinity (homogenous metal disk). For other values of n, these vertical displacements occur in between. It is also seen that the slope of the curves at the inner surface is zero for the mounted disk.
Thermo-mechanical Results
The variation of dimensionless mid-plane radial displacement, u r /h brake , in the FG brake disk versus the radius for different values of grading index, n, is shown in Figure 7 . It can be seen that the radial displacement decreases with the increase of the grading index, n, up to a certain value and then by further increasing the grading index the radial displacement increases up to the full-metal disk. Thus, for a given pair of materials, there is a particular grading index for which the radial displacement attains its minimum value. It can be noted that for a small n value (for example, n = 1.5) the radial displacement is even smaller than that of the full-ceramic disk close to the outer surface, whereas for a high grading index value, say n = 500, these values are always smaller than the values of the full-metal disk. It can be seen that the radial displacement in the mounted FG brake disk has a maximum value between the inner and outer surfaces due to the existence of friction and pad pressure. (at R nd = 0.8), and also radial stresses for the FG brake disk can be negative close to R nd ∼ = 0.7 due to the interaction effects between vertical pad pressure, body force, heat generation, and friction load. Figure 8 (a) also shows that the radial stress in the FG disks is greater than for the full-ceramic when 0.807 ≤ R nd ≤ 0.818. As expected, the radial stress is zero at the outer surface due to the free boundary condition in all disks. The dimensionless out-plane shear stresses versus radius due to thermo-mechanical load are shown in Figures 9(a) and 9(b) . It is evident that the out-plane shear stress (τ rz ) has the minimum value at the inner surface in the mounted FG brake disks. It can be seen that the absolute shear stresses (τ rz ) in FG disks are greater than those in the pure material brake disks when 0.2 ≤ R nd ≤ 0.791. It can also be seen that the shear stress is close to zero for most of the FG brake disks when 0.217 ≤ R nd ≤ 0.784. It can be observed from Figure 9 (b) that for 0.9 ≤ R nd ≤ 1.0 the shear stress in the pure disks is greater than in FG; also Figure FIG. 11 . Non-dimensional thermal radial strain versus the non-dimensional radius in the contact area. (Color figure available online) 9(b) shows that the shear stresses (τ rz ) in the FG brake disks have smaller values than those in the pure material brake disks at around R nd = 0.8.
Figures 10(a) and 10(b) illustrate the variation of dimensionless radial strain with radius due to thermo-mechanical load. The variation of total radial strain, due to thermal, body force and heat, is shown in Figures 10(a) and 10(b) . The radial strain in the FG brake disks is smaller than in the full-metal disks for 0.2 ≤ R nd ≤ 0.62 and, in contrast, the total strain in the fullmetal disks is smaller than in the FG disks for 0.62 ≤ R nd ≤ 1.0. Total radial strain in the FG disk is between full-ceramic and full-metal when 0.2 ≤ R nd ≤ 0.5. It is observed that the total strain is negative when 0.63 ≤ R nd ≤ 1.0.
The dimensionless thermal radial strain versus radius for different values of grading index, n, is shown in Figure 11 . It is seen that the thermal radial strain is zero when 0.2 ≤ R nd ≤ 0.79. This phenomenon can be explained by considering Figure 5 , which shows the temperature value is zero when 0.2 ≤ R nd ≤ 0.79. From Figures 10(a) and 11 it can be observed that the behavior of thermal radial strain is completely different in comparison with the behavior of total radial strain.
CONCLUSIONS
Thermo-elastic deflection and contact analysis of the FG rotating disks has been presented. The thermal load due to dry contact between the pad and brake disks and vertical load is due to the pressure on the pad disk. Heat is generated from dry contact friction. The combination of temperature, deflection, friction, and body forces is considered. The material properties of the disk vary in thickness direction and are presented by power-law distributions. The disk is full-metal on its lower surface and full-ceramic on its upper surface. The pad is hollow and made of a pure ceramic material. Non-dimensional thermal and mechanical stresses and strains of mounted FG brake disks are presented for different values of grading index, n.
From the results of this study, the following conclusions are made:
• The vertical displacement for different values of the grading index in the FG brake disks occurs between the full-metal and full-ceramic disk. For some specific values of grading index n(n = 0.5), mounted FG brake disks have smaller radial displacement than the fullceramic FG brake disks.
• The maximum value of radial displacement in the mounted FG brake disks is not at the outer surface.
The radial displacement in all brake disks (FG or pure material) first increases and then decreases with the increase of radius (R nd ).
• The radial displacement decreases with the increase of the grading index n(0 ≤ n ≤ 0.5) up to a certain value even smaller than the full-ceramic disk and then, by increasing the grading index, the radial displacement increases up to the full-metal disk.
• The radial stress and strain due to thermo-mechanical load in the FG mounted brake disks do not lie in between the full-metal and full-ceramic disk.
• The absolute values of out-plane shear stress in the FG disks are greater than those in the pure material brake disks when 0.2 ≤ R nd ≤ 0.791.
• The strain due to thermo-mechanical load is negative when 0.63 ≤ R nd ≤ 1.0, while the thermal strains are always positive.
From the finite element solution for the FG brake disks presented, it is suggested that functionally graded material is suitable for an efficient and optimal brake disk design. 
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